ABSTRACT. Let a be an ideal of a local ring (R, m) and M a finitely generated Rmodule. This paper concerns the notion fgrade(a, M), the formal grade of M with respect to a (i.e. the least integer i such that lim ← −n H i m (M/a n M) = 0). We show that fgrade(a, M) ≥ depth M − cd a (M), and as a result, we establish a new characterization of Cohen-Macaulay modules. Also, we give a generalization of the Hochster-Eagon result on Cohen-Macaulayness of invariant rings.
INTRODUCTION
Let a be an ideal of a commutative Noetherian local ring (R, m) and M a finitely generated R-module. Recently Schenzel [Sch] has examined the structure of the modules lim ← − n H i m (M/a n M) extensively. For each i ≥ 0, he called F i a (M) := lim ← − n H i m (M/a n M) the ith formal local cohomology module of M with respect to a. He proved that dim M/aM is the largest integer i such that F i a (M) = 0. The formal grade of M with respect to a is defined to be the least integer i such that F i a (M) = 0 and is denoted by fgrade(a, M). This notion was introduced by Peskine and Szpiro in [PS] . In [Sch] , Schenzel has establishes several upper bounds for fgrade (a, M) . In particular, he showed that fgrade(a, M) ≤ dim M − cd a (M), where cd a (M), the cohomological dimension of M with respect to a, denotes the supremum of i's such that H i a (M) = 0. When M = R is a Gorenstein ring, this upper bound can be attained, see [Sch, Lemma 4.8 d) ]. Here, we show that fgrade(a, M) ≥ depth M − cd a (M). As an application, we show that M is CohenMacaulay if and only if fgrade(a, M) = dim M − cd a (M) for all ideals a of R. Let G be a finite group of automorphisms of R such that |G| is a unite in R and let R G denote the ring of invariants of G. By a famous result of Hochster and Eagon [HE, Proposi- tion 13], we know that if R is Cohen-Macaulay, then R G is also Cohen-Macaulay. Let 
Proof. This is an immediate consequence of the Independence Theorem for local cohomology modules, see [BS, Theorem 4 
The statement of the next result involves the notion of generalized local cohomology modules. This notion has been introduced by Herzog in 1974, see [Her] . For two Rmodules M and N, the ith generalized local cohomology module of M and N with respect to a is defined by
In the sequel, we denote the
and we abbreviate cd a (R, N) by cd a (N). Also, recall that for a finitely generated module M over a complete local ring (R, m), the canonical module of M is defined by 
Proof. The proof of the existence of these isomorphisms is the same as the proof of [Sch, Remark 3.6] , however for the sake of completeness we include it here.
For each integer i ≥ 0, the Grothendieck Duality Theorem [BS, Theorem 11.2.8] 
Next, we have inf{i :
In the next result, we establish two more duality results for formal local cohomology modules. In an earlier version, we have used a spectral sequence argument for their proofs. Peter Schenzel has pointed out to us that it can be deduced easily from [Sch, Theorem 3.5] . Here, we expose his shorter argument in place of our original one. The second part of the next result concerns cohomologically complete intersection ideals. An ideal a of R is said to be cohomologically complete intersection if cd a (R) = ht a, see [HS] . Clearly, any set-theoretic complete intersection ideal is cohomologically complete intersection.
Corollary 2.3. Let a be an ideal of a complete local ring (R, m) and M a finitely generated Rmodule.
are quasi-isomorphic, by the Grothendieck Duality Theorem, see e.g. [Sch, Proposition 2.4] . So, i) follows immediately by [Sch, Theorem 3.5] . Now, assume that R is Cohen-Macaulay and a cohomologically complete intersection. Since M is finitely generated, the two complexes
On the other hand, because a is cohomologically complete intersection, again by using the Grothendieck Duality Theorem, one has the quasi-isomorphism
Schenzel [Sch, Corollary 4.11] has proved that fgrade(a, M) ≤ dim M − cd a (M). In the next result, we establish a lower bound for fgrade(a, M). Theorem 2.4. Let a be an ideal of a local ring (R, m) and M a finitely generated R-module. Then
Proof. The right-hand inequality holds by [Sch, Corollary 4.11] . By [Sch, Proposition 3 .3], we have
Therefore, without loss of generality, we may and do assume that R is complete. Then by Cohen's Structure Theorem, R is a homomorphic image of a regular complete local ring (T, n) 'say. So, R ∼ = T/J for some ideal J of T. Set b := a ∩ T. Then by Lemmas 2.1 and 2.2, it follows that
for all i, and fgrade(a, M) = dim T − cd b (M, T). By using [DH, Corollary 2.10], one has
Hence, by the Auslander-Buchsbaum formula and the Independence Theorem for local cohomology modules, we deduce that
The next corollary provides a new characterization of Cohen-Macaulay modules.
Corollary 2.5. Let (R, m) be a local ring and M a finitely generated R-module. Then the following are equivalent.
Proof. i) ⇒ ii) and i) ⇒ iii) are immediate by Theorem 2.4. ii) ⇒ i)
We may assume that M is nonzero. Consider the ideal a := 0. Then
iii) ⇒ i) We may assume that M is nonzero. Let a := m. Then F 0 a (M) ∼ = M, and so fgrade(a, M) = 0. On the other hand, Grothendieck's non-vanishing Theorem asserts that cd a (M) = dim M. Thus dim M = depth R M, as required.
The statement of the next result involves some notions from invariant theory. For convenient of the reader, we review them briefly in below. Let G be a group of automorphisms of R. The ring of invariants R G is defined to be the set of all elements of R, which are invariant under the action of G. For each r ∈ R, the orbit of r under the action of G is denoted by G r . The group G is said to be locally finite if for each element r ∈ R, the set G r is finite.
Theorem 2.6. Let (R, m) be a local ring and G a locally finite group of automorphisms of R such that |G r | is a unit in R for every r ∈ R. Let b be an ideal of R G such that fgrade(bR
Proof. Consider the module-retraction map ρ : R −→ R G by the assignment r to
that R G is a Noetherian ring and R is integral over R G . So, R G is also local and dim R = dim R G . By the Independence Theorem for local cohomology modules, we have
where M runs over all R G -modules, one concludes that cd b (R G ) = cd bR (R). On the other hand, Lemma 2.1 asserts that
and so fgrade(bR, R) ≤ fgrade(b, R G ). Therefore,
The reverse of the above inequality always holds by [Sch, Corollary 4.11] . So, fgrade(b, R G ) = fgrade(bR, R). This completes the proof.
Let G be a finite group of automorphisms of R such that |G| is a unite in R. Hochster and Eagon [HE, Proposition 13] have showed that if R is Cohen-Macaulay, then R G is also Cohen-Macaulay. Since fgrade(0, R G ) = depth R G , fgrade(0, R) = depth R and cd 0 R G = cd 0 R = 0, the following corollary extends the Hochster-Eagon result.
Corollary 2.7. Let (R, m) be a local ring and G a finite group of automorphisms of R such that |G| is a unite in R. Let b be an ideal of R G such that fgrade(bR
Let M be a Cohen-Macaulay module over a local ring (R, m). By Corollary 2.5, we know that fgrade(a, M) = dim M − cd a (M) for all ideals a of R. It would be interesting to know whether the same equality remains true for some special types of ideals and of modules. In view of [AD, Theorems 3.1 and 3.6] , principal and 1-dimensional ideals might be appropriate candidates for our desired ideals. Also, some generalizations of the notion of Cohen-Macaulay modules could be appropriate candidates for our desired modules. The following example indicates that for these types of ideals the above equality doesn't hold even for Buchsbaum rings, sequentially Cohen-Macaulay modules, quasi-Gorenstein rings or approximately Cohen-Macaulay rings.
Example 2.8. i) Let (R, m) be a 2-dimensional regular local ring and a an ideal of R with dim R/a = 1. Then clearly cd a (R/m) = 0, and the Hartshorne-Lichtenbaum Vanishing Theorem yields that cd a (R) = 1. Hence, Corollary 2.5 implies that fgrade(a, R) = 1 and fgrade(a, R/m) = 0. Set M := R ⊕ R/m. Then M is a 2-dimensional sequentially Cohen-Macaulay R-module. We have cd a (M) = 1 and
ii) Let L be a very ample invertible sheaf on an Abelian variety X and R :
(This example is due to Schenzel, see [SV, page 235] for more details.) So, R m is a Buchsbaum quasi-Gorenstein local ring. Now, take g ≥ 3 and let a be a nonzero principal ideal of R m . Then, by [Sch, Theorem 4.9] , one has
iii) Let k be a field. Consider the 2-dimensional complete local ring R :=
. One can check that R is approximately Cohen-Macaulay (i.e. there exists an element a of R such that R/a n R is a Cohen-Macaulay ring of dimension 1 for every integer n > 0). Set a = (x). Note that by [Sch, Theorem 4 .12], we have fgrade(a, R) ≤ dim(R/a + p) for all p ∈ Ass R R. Now, by applying this result to p = (y, z), we find that fgrade(a, R) = 0. On the other hand, cd a (R) ≤ 1, and so fgrade(a, R) + cd a (R) < dim R. iv) One can restate the equivalence i) ⇔ ii) in Corollary 2.5 by saying that R is CohenMacaulay if and only if for every nilpotent ideal a of R, fgrade(a, R) + cd a (R) = dim R. Now, we give an example of a local ring (R, m) such that for any ideal a of R, the formula fgrade(a, R) + cd a (R) = dim R holds if and only if a is non-nilpotent. To this end, let k be a field and R := k[ [X, Y] ]/(XY, Y 2 ). Let a be a nilpotent ideal of R. Then F 0 a (R) = lim ← − n H 0 m (R/a n R) = H 0 m (R) = 0. Hence, fgrade(a, R) = cd a (R) = 0, and so fgrade(a, R) + cd a (R) < 1 = dim R.
Next, let a be a non-nilpotent ideal of R. Then a is an m-primary ideal of R. Hence, cd a (R) = 1, and so Theorem 2.4 implies that fgrade(a, R) + cd a (R) = dim R.
